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The laterally-loaded pile has long been a topic of research interest. Sev-
eral models of the soil surrounding a pile have been developed for simulation
of lateral pile behavior, ranging from simple spring and dashpot models to
sophisticated three-dimensional finite-element models. However, results from
the available pile-soil models are not accurate due to inherent approximations
or constraints. For the springs and dashpots representation, the real and
imaginary stiffness are calculated by idealizing the soil domain as a series of
plane-strain slices leading to unrealistic pile behavior at low frequencies while
the three-dimensional finite-element analysis is very computationally demand-
ing.
Therefore, this dissertation research seeks to contribute toward proce-
dures that are computationally cost-effective while accuracy of the computed
response is maintained identical or close to that of the three-dimensional finite-
element solution. Based on the fact that purely-elastic soil displacement varia-
tions in azimuthal direction are known, the surrounding soil can be formulated
vi
in terms of an equivalent one-dimensional model leading to a significant re-
duction of computational cost. The pile with conventional soil-slice model will
be explored first. Next, models with shear stresses between soil slices, includ-
ing and neglecting the soil vertical displacement, are investigated. Excellent
agreement of results from the proposed models with three-dimensional finite-
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Piles have long been used as foundations of structures subjected primar-
ily to axial loads. However, in many situations, horizontal forces and moments
from the superstructures also contribute to the pile behavior, requiring hori-
zontal resistance from the surrounding soil to equilibrate the pile-soil system.
In the majority of cases, especially, structures exposed to machine vibrations,
seismic wave motion, sea waves, and currents, pile foundations must play a
significant role in resisting lateral loads. Since the consequences of failure can
be catastrophic, it is imperative that the response of piles to lateral loads be
understood and appropriate analytical capabilities be developed.
1.1 Early Studies of Lateral Pile Behavior
The simplest analysis approach toward lateral pile behavior was first
suggested by Hetenyi (1946). The static solution for a Winkler beam on elas-
tic foundation in Figure 1.1 was employed to model laterally loaded piles. A
closed-form solution of the governing differential equation of the beam was
obtained with lateral elastic spring resistance as a function of pile lateral dis-
placement. The solution is useful but requires information about the elastic
1
Figure 1.1: (a)Winkler beam on elastic spring foundation; (b) Laterally loaded
pile model
foundation stiffness that may not be readily available. Nevertheless, a stan-
dard framework for analysis of laterally loaded piles was established on the
basis of the Winkler model and remains in wide use.
In the 1950’s, the construction of platforms for offshore gas exploration
and production triggered extensive investigations of lateral pile behavior, es-
pecially, with respect to lateral pile capacity, since the offshore structures are
always subjected to significant levels of lateral forces due to currents, waves,
and wind that may lead to foundation failure. Thus, the research during this
period of time was concentrated on outlining design provisions for laterally
loaded piles.
2
1.1.1 Experimental Studies of Lateral Pile Response
Accurate estimation of lateral pile capacity was initially developed on
the basis of the bending-moment distribution along the pile by Matlock &
Ripperger (1956,1958). The data from full-scale tests of instrumented piles
along with laboratory model tests were recorded and converted by Matlock
(1970) to equivalent relationships between distributed lateral load (p) and soil
displacement (y). These so-called p− y relationships incorporated the effects
of nonlinear clayey soil behavior and even the influence of soil confining pres-
sure. The degradation in soil resistance due to cyclic loading was also brought
into the mathematical representation. A systematic method to construct p−y
response was suggested and employed with the beam on a nonlinear-spring
foundation model to determine the lateral pile capacity under both static and
cyclic loads. This representation later appeared in “The recommended prac-
tice of planning, designing and constructing fixed offshore platforms” by the
American Petroleum Institute. At this time, the nonlinear Winkler model
with the p-y relationships was in wide use in estimating lateral pile capacity.
Reese et al. (1974) suggested procedures for constructing p-y relation-
ships for cohesionless soil. The linear elastic portion or initial slope of the
p-y curve can be determined from the value suggested for a particular type of
soil. Nonlinearity was taken into account properly and soil degradation due
to cyclic loading was also included in the mathematical representation.
3
1.1.2 Continuum-based Study of Lateral Pile Response
The earliest continuum-based effort involving laterally-loaded pile be-
havior was by Douglas and Davis (1964). This particular study focused on the
lateral response of rigid foundations, rotated by the effects of a horizontal force
and a moment. Their procedure assumes that the foundation is a thin strip
subjected to a rigid-body rotation. Next, a thin plate is discretized by grid
lines and the relationship between a unit point force (representing a uniformly
distributed pressure over a discretized area) and the displacement at the cen-
ter of each discretized area is estimated by Mindlin’s solution (1936). As a
result, if the displacement of the foundation is known, the stress distribution
along the depth can be determined leading to a horizontal force or a moment
corresponding to a given displacement.
Later, Poulos (1971) extended the procedure by Douglas and Davis
(1964), limited to an undeformable foundation, to laterally-loaded deformable
piles. The pile was idealized as a thin strip, deforming under Euler beam
theory, and discretized solely along the length. The relationship between soil
displacement at each nodal point and a point force was established in the same
manner as in Douglas and Davis (1964). Next, this piecewise solution for a
rectangle was combined with the equation of flexure and applied by means of
finite differences. The influence factors, varied with pile-soil relative stiffness
ratio so-called “the pile flexibility factor”, were presented for the calculation of
pile-head displacement and rotation. The pile-head stiffness obtained by this
approach was found to be in agreement with the prediction based on the lin-
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ear Winkler model based on the so-called subgrade reaction theory with spring
coefficients determined from an expression in terms of a constant factor, the
soil elastic modulus, and the pile diameter.
1.2 Study of Dynamic Behavior of Laterally Loaded
Single Piles
Dating back to the period of thriving research on dynamic soil-structure
interaction in the 1970’s and 1980’s, significant attention had been focused on
the behavior of the machine foundations. The researchers’ interest was then
extended to the dynamics of laterally loaded piles.
1.2.1 Continuum Approach
In the 1960’s, a powerful idea was introduced in order to simplify lat-
eral pile analysis by idealizing a three dimensional soil domain as a stack of
independent infinitesimal thin soil slices. Each particular soil slice behaves
under plane-strain conditions and the soil material is assumed homogenous,
isotropic, and viscoelastic. The expression of soil resistance on a thin por-
tion of the pile (idealized as a rigid massless disk) due to in-plane, horizontal,
harmonic motion was first derived by Baranov (1967). Novak, Nogami, and
Aboul-Ella (1978), extended the solution to rocking and vertical (out-of-plane)
motion. Hysteretic damping was included in this solution to take care of the
effect of soil inelasticity. In view of the lack of interaction between soil slices,
the stiffness of the disk can be represented as a discrete spring over a small
5
Figure 1.2: Rigid disk embedded in infinite plane domain under (a) Vertical ;
(b) Horizontal; (c) Rotational excitation (Novak et al. 1978)
portion of pile. Thus, the soil-pile system can be represented by the Winkler
beam model.
Working as outlined above, Beredugo & Novak (1972) obtained an
approximate solution for coupled horizontal and rocking vibrations of rigid,
cylindrical embedded footings. The soil resistance on the small slice of the
pile can be determined by Baranov’s solution. This approach was verified to
work considerably well for vertically and torsionally excited rigid embedded
cylindrical foundations Beredugo (1971) and Novak & Sachs (1973). The rela-
tionship between the horizontal force and the displacement and rotation at the
pile head was established and compared with experimental results. However,
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the approximate numerical solution did not produce a sufficiently accurate
prediction of the peak displacement in the response spectrum. The dissimilar-
ity in shape of the displacement response spectra was also significant.
The idea of independent soil slices was first implemented for laterally
loaded piles by Novak (1974). The pile was idealized as a Winkler beam on
a foundation composed of distributed independent-discrete elastic springs and
viscous dashpots as illustrated in Figure 1.3. The spring and dashpot coef-
ficient per unit thickness of slice can be computed as discussed above. The
closed-form complex dynamic stiffness at the pile head was established for sin-
gle piles, single pile with pile cap embedded in the ground, and two-pile group
foundations on the basis of the beam governing partial differential equation.
The approximate pile head stiffness based on soil slice and the complex stiff-
ness from a rigorous elastic solution are comparable at high dimensionless
frequencies (a0 = ω · r0/cs where ω is the angular frequency: r0 is the radius
of the pile: cs is the shear-wave velocity). However, at low dimensionless fre-
quencies, the lateral pile stiffness, determined under the plane-strain soil-slice
assumption, vanishes as the dimensionless frequency approaches zero. This
unrealistic result is a consequence of neglecting the shear interaction between
soil slices.
Regarding the issue above, Novak and Grigg (1976) performed a field
experiment on single piles in a homogeneous soil layer with underlying bed
rock. The piles were excited through a range of frequencies of interest and
the displacement-excitation frequency relationship was obtained. The theo-
7
Figure 1.3: Winkler beam on spring and dashpot foundation for laterally
loaded dynamic pile
retical response spectrum, determined by the above approach, was compared
to that from experiments and, again, the mismatch of the lowest fundamental
frequency persisted. The resolution of the discrepancy, as suggested by Novak
and Grigg (1976), is to use the soil shear modulus that is back-calculated from
static pile response by manipulating the theoretical static solution by Pou-
los (1971). The resulting shear modulus will be smaller than that obtained
from wave propagation experiments because of the lack of confining pressure
at the surface, soil-pile separation, and gapping. The displacement spectrum
predicted by this adjustment leads to the accurate frequency corresponding to
the peak displacement. However, accurate shape and peak amplitude are not
8
always obtained.
Nogami and Novak (1977) developed an estimate of pile-head stiffness
based on the theory of elasticity. The circular cross-section pile and surround-
ing soil were modeled in a cylindrical coordinate system. The vertical motion
of the soil (z-direction) was assumed to be insignificant and neglected in the
formulation, resulting in zero shear stresses in the z direction (τrz and τθz).
The soil domain is homogeneous with traction-free soil surface and base fixed
as described in Figure 1.4. Both pile and soil are linear elastic. Hysteretic fre-
quency independent damping is included in the formulation to represent (to
some extent) dissipation due to soil inelasticity. In cases of slender piles, the
stiffness obtained in this manner compares reasonably well with fully three-
dimensional finite element analysis. However, for stubby short piles, it was
found later in this research that the vertical motion of the soil should be prop-
erly taken into account.
Roesset et al. (1982) have suggested an approximate procedure for
estimation of the real and imaginary coefficients of the horizontal spring. The
parametric study of three-dimensional finite-element models of a laterally-
loaded pile was conducted and compared with a Winkler beam on spring-
and-dashpot foundation, hence, all coefficients in the expression for spring
and dashpot can be obtained. The subgrade reaction theory was employed to
represent spring coefficient, in terms of a constant factor and the soil Young’s
modulus, and the dashpot coefficient was expressed by Biggs-Roesset equation.
However, this stiffness estimation does not take into account the soil Poisson’s
9
Figure 1.4: Theoretical pile model embedded in isotropic homogeneous soil
medium
ratio, in contrast with the closed-form solution by Novak et al. (1978). It is
limited to harmonic vibrations and the accuracy of pile response may be re-
duced because of simplification of complex stiffness vs. frequency relationship.
A treatment of the lack of pile stiffness at low frequencies was presented
by Novak and Sheta (1982). The observation had been made from the result
in Novak (1974) that the real stiffness, Su1, of the disk is more or less constant
below the dimensionless frequency (a0 = ω · r0/cs where ω is excitation fre-
quency: r0 is the pile radius: cs is the shear-wave velocity) of 0.3. Thus, over
the range of a0 = 0.0 - 0.3, the real part of stiffness was taken as the value
corresponding to a0 = 0.3. A similar modification was made in the imagi-




, equal to Su1 ·D where D is the material damping, cs is shear wave
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velocity of the soil, and H is the layer thickness.
Novak and Sheta (1980) attempted to include the effects of soil non-
linearity and slippage at the pile-soil interface. The direct approach to model
such phenomena is very costly with respect to computation effort because
of the three-dimensional finite element analysis that appears to be required.
Novak and Sheta (1980) retained the simplicity of analysis by proposing a
treatment with a Winkler beam on elastic foundation. The methodology, first
proposed by Baguelin et al. (1977), is to separate the soil domain into two
regions, inner and outer zones as shown in Figure 1.5. The outer zone con-
tains the soil properties from site investigation while the shear modulus and
material damping ratio in the inner zone is set to account for soil nonlinearity
and slippage. However, there is no systematic framework of the soil properties
in the inner zone. The inner region is the ring of soil with inner radius equal
to the disk radius and outer radius consistent with the extent of soil nonlin-
earity. The equation of motion of the horizontally moving rigid massless disk
was written and the zero displacement boundary condition was enforced at the
outer radius. The spring and dashpot stiffness for two zones were combined
to represent the new reduced disk stiffness.
Nogami & Chen (1987) and Nogami et al. (1992) developed a composite-
soil medium idealization initialized by Novak & Sheta (1980). The stiffness of
the outer region was left unchanged and attention was focused on a technique
for introducing the influence of inelastic behavior of soil on lateral pile behav-
ior. Additionally, the inner region was modified in order to account for soil-pile
11
Figure 1.5: Soil weakened region around the pile circumference
gap opening. The parameters that describe the mathematical model for the
inner zone can be obtained from the force-displacement relationship recorded
during a cyclic pile test. Once the hysteretic loop is constructed, the real stiff-
ness of the disk can be approximated by dividing the maximum force by the
maximum displacement. The imaginary stiffness can be back-calculated from
the relationship between the dissipated energy, the area enclosed by hysteretic
loop, and the pile displacement. Gap formation can be triggered when the
soil dynamic tension on the pile surface exceeds the soil horizontal confining
pressure computed by the coefficient of lateral earth pressure, K0.
The idea that the soil around the pile is weakened by the installation
process and imperfect bond at soil-pile interface was described in Novak &
Sheta (1980) and Dotson & Veletsos (1990). The soil shear modulus in the
weak boundary zone is reduced and material damping increases. The soil in
the weakened zone gradually becomes less weak as the depth increases with
increasing confining pressure and decreasing slippage at the soil-pile interface.
12
However, the specific procedure for the calculation of weakened zone proper-
ties was not suggested.
In 1992, an experimental study of a laterally loaded concrete pile was
carried out by El-Marsafawi et al. (1992) to validate the existing theoretical
pile model. The pile was subjected to horizontal, harmonic excitation through
a frequency range of interest. The dimensionless displacement versus excita-
tion frequency plot was then available for comparison. The theoretical model
employed the Winkler beam model on spring and dashpot foundation. Spring
and dashpot coefficients were determined under the plane-strain assumption
(independent soil slices) and the soil slice medium was considered composite.
The weak soil properties in the inner region were used to calculate the inner
zone complex stiffness following the expression in Novak & Sheta (1980). The
treatment of the lack of stiffness at low frequencies, explained in Novak &
Sheta (1982), was implemented in this study. The theoretical displacement
response with the frequency matched favorably with experimental work.
An improvement in the treatment of inelastic behavior was proposed
in El-Naggar & Novak (1995). The modified shear modulus of the inner zone
was calculated using the mobilization ratio, η, introducing the nonlinearity in
the soil slice model as depicted in Figure 1.6. The mobilization ratio, η, is
the ratio of current spring force to the ultimate spring resistance, computed
from expressions suggested in Matlock (1970) for cohesive soil and Reese et al.
(1974) for cohesionless soil. The more sophisticated approach by El Naggar
and Bentley (2000) was later presented to improve the behavior of the model
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Figure 1.6: Laterally loaded pile model with nonlinear springs and dashpots
for the inner region
of El-Naggar & Novak (1995).
In summary, there remain two important issues that impede accurate
estimation of lateral pile response. The shear interaction between soil slices
that was originally neglected actually plays a key role in low-frequency be-
havior (computation of first resonance frequency and the peak displacement
amplitude). Additionally, the effect of pile-head condition is not included in
the treatment suggested in Novak and Sheta (1982). Also, frequency depen-
dence can be problematic, if the model is to be used in transient analysis.
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1.2.2 Backbone-curve-based Study of Lateral Pile Response
This approach toward analysis of lateral pile behavior also employs the
Winkler beam on spring and dashpot foundation for computational simplicity.
There are several different approaches toward determination of the complex
p− y springs and dashpots.
Kagawa and Kraft (1980 a,b & 1981) suggested that the p − y spring
stiffness can be written in terms of Young’s modulus of soil and a dimension-
less coefficient, δ. Such a coefficient is assumed to be constant along the pile
and can be determined by equating the work done in the exact system with
that from the Winkler pile on spring foundation. The range of δ is from 1
to 4 depending on material properties and pile configuration parameters, e.g.
loading condition (pile head or seismic excitation), pile-head fixity, and pile
flexibility factor. An effort to introduce soil hysteresis was made by a simple
expression. The radiation damping was easily approximated by assuming that
the longitudinal and shear waves radiate through strips the width of which is
equal to the pile diameter (Figure 1.7 (a)). There are four soil strips, two in
the direction of pile movement and the others in the orthogonal direction.
Gazetas and Dobry (1984) presented a systematic framework for the
construction of a dynamic p−y relationship. First, methodologies for determi-
nation of the real stiffness from various studies, including a weighted-average
method by Kagawa and Kraft (1980) (equating the work done along the pile
from 3-dimensional finite-element analysis to the work in the pile and system
of horizontal springs in order to determine the spring coefficient in terms of
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Figure 1.7: Simplified plane model for radiation damping (a) Kagawa & Kraft;
(b) Gazetas & Dobry
a constant factor and Es), three-dimensional finite element calculations by
Nogami & Novak (1977) and Kuhlemeyer (1979), were summarized and the
initial spring stiffness was written as δ · Es. where Es is Young’s modulus of
the soil and δ ranges from 1.0 - 1.2 for a fixed-head condition and from 1.5
- 2.5 for free-head condition. The recommended spring stiffness can be com-
bined with the Winkler beam model and the pile head static stiffness can be
determined. Next, the ratio of pile head stiffness to that of the static case,
K/Ks, is available in a plot versus dimensionless frequency.
The radiation damping of the soil slice was examined in Gazetas &
Dobry (1984). The soil slice is separated into four quarters and there is no
interaction between quarters (Figure 1.7 (b)). Two quarters in the direction
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of pile movement will take care of longitudinal wave propagation. The re-
maining quarters radiate the energy from shear wave. The overall dashpot at
the pile head can be determined by integrating the damping coefficient times
the square of normalized static deflection profile of pile. A slight modification
was made at low frequencies (lower than the layer resonance frequency) by
introducing hysteretic damping.
The Bouc-Wen nonlinear backbone curve was first used in pile analysis
by Trochanis et al (1991). This model is capable of describing soil nonlinearity,
soil-pile separation, and interface slippage. A systematic process for construct-
ing the backbone curve was established by Badoni and Makris (1996). The
hysteretic dimensionless quantity, ζ, was taken as a variable that describes
the spring nonlinearity. The initial spring stiffness was selected to be 1.2Es as
suggested in Makris & Gazetas (1992). The yielding soil resistance (pu) and
displacement (y0) were calculated following the approach in Matlock (1970) for
cohesive and Reese et al. (1974) for cohesionless soil. The nonlinearity of the
elastic portion and the smoothness of transition at yielding can be controlled
by tuning parameters to match the static load-displacement response. The
damping coefficient was given by Wolf et al (1992) by manipulating the cone
model embedded in half space. This approximation of the dashpot agrees with
the imaginary stiffness derived by Novak et al. (1978).
Further development of the nonlinear mathematical model of the
soil spring Bodani & Makris (1996) was furnished by Gazetas and Gerolymos
(2007). The effect of nonlinearity was modelled more realistically by including
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Figure 1.8: Dynamic-nonlinear laterally loaded pile model (a) Badoni &
Makris; (b) Gazetas & Gerolymos
the hysteretic dimensionless quantity in both spring and dashpot coefficients.
The pinching factor was introduced to the spring stiffness to model gap for-
mation.
In conclusion, the Bouc-Wen type spring model has undergone signif-
icant improvement to capture all types of nonlinearities. To date, the non-
linearity is taken into account in springs as well as dashpots but the stiffness
coefficients are no longer frequency-dependent as presented in Gazetas and
Dobry (1984) in order to simplify the nonlinear expressions. As a result, some
dynamic characteristics of the pile-soil system, e.g. resonant frequency, may
not be simulated accurately.
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1.3 Research contribution
The dynamic analysis of a laterally-loaded pile by means of a Winkler
beam on springs and dashpots representing the surrounding soil entails dra-
matic savings in computational effort. However, although the three-dimensional
soil-pile system is treated more efficiently by the one-dimensional Winkler
model, the accuracy of the analysis is compromised. In general, spring-and-
dashpot models are frequency-dependent. Thus, in transient analysis, the best
approach in selecting appropriate spring and dashpot coefficients is on the ba-
sis of the dominant frequency of the excitation of interest.
With regard to inelastic material behavior, the Bouc-Wen hysteresis
model (Trochanis 1991, Makris & Badoni 1996, and Gazetas & Gerolymos
2007) can be used. However, the coefficients describing such a nonlinear force-
displacement relationship must be back-calculated from static lateral load
tests.
Since radiation damping and material inelasticity are the two major
mechanisms of energy dissipation in the pile-soil system, their interplay greatly
affects the accuracy of solutions. Recently, nonlinear dashpots were presented
by Gazetas & Gerolymos (2007) to account for the coupling between the two
mechanisms. However, no methodology was described for parameter identifi-
cation. Apparently, fine-tuning with experimental results may be required.
Accordingly, this dissertation research is aimed at contributing new fi-
nite elements for efficient analysis of laterally-loaded piles. Because of the
high computational effort involved the basis of a description of the soil as
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a continuum in three-dimensional finite-element analysis, the new elements
are intended as efficient yet accurate alternative modeling tools. As in ear-
lier studies of laterally-loaded piles, the direction of this research is to re-
duce the dimension of analysis. However, in the interest of maintaining ac-
curacy, two-dimensional finite-element models are considered in addition to
one-dimensional such models that resemble Winkler models with springs and
dashpots. The two-dimensional models provide wider latitude in terms of ac-
curacy while outerperforming three-dimensional ones with regard to efficiency.
Furthermore, by the continuum description of the soil, the one-dimensional
and two-dimensional finite elements to be described in this dissertation can
accommodate all available constitutive models. Thus, the interaction between
inelasticity and wave propagation (material and radiation damping) will be
taken into account appropriately without any need of parameter fine-tuning.
1.4 Dissertation outline
The developments of representations of the soil surrounding laterally-
loaded piles are reported in three chapters as follows;
1.4.1 Plane Idealization
As in previous studies based on a series of soil slices as a representa-
tion of the three-dimensional soil domain, the development of a simple finite-
element model is presented in Chapter 3. A two-dimensional plane-strain FE
model of the disk embedded in a homogeneous soil domain extending to infinity
20
is constructed as a reference solution for the validation of new finite-element
models. The absorbing boundary conditions are required for the representation
of the unbounded soil domain and detailed explanations of the implementa-
tion of Continued Fraction Absorbing Boundary Conditions (CFABCs) are
included in the chapter. Finally, the result from 2-D finite element model is
verified with the exact solution for a vibrating disk.
1.4.2 One-Dimensional Finite Element Model
The development of a simple one-dimensional model for the represen-
tation of 2-D soil plane domain is presented in Chapter 3. Model validations
for cases of purely-elastic and inelastic material behavior are carried out. A
discussion of the performance of soil-slice model is also included.
1.4.3 Ring Element with Shear Interactions between Soil-Slices
Since the independent soil-slice idealization neglects shear stresses be-
tween soil slices, the lateral pile stiffness approaches zero at low frequencies, not
a realistic result. Therefore, in Chapter 4, the shear stress components are in-
troduced to the soil element, then, numerical models become two-dimensional
with two degrees of freedom at each node (2D-2DOF ring element). The ver-
tical soil displacement, assumed to be negligible in lateral pile vibrations, is
kept equal to zero.
The assumption that the soil vertical displacement can be neglected
is next explored by comparing the analysis results with the complete three-
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dimensional finite-element analysis. A ring element including the vertical
soil displacement, 2D-3DOF ring element, is formulated and the validation
is carried out by comparing model results with the other 3-dimensional finite-
element solution calculations. Finally, results obtained for piles with two soil
models are shown for cases of different pile slenderness ratio in order to assess
the magnitude of discrepancies resulting from the assumption of zero vertical
soil displacement.
1.4.4 Summary and Conclusions
The summary and conclusion of the study and contribution from each




During sixty years of studies on lateral pile behavior, the most engag-
ing model has been based on the idea of a beam on a Winkler foundation
consisting of springs and dashpots, a simple, yet practical and effective rep-
resentation of the pile-soil system. The most challenging part of the Winkler
model development of the estimation of spring and dashpot characteristics.
As shown in Figure 2.1, the three-dimensional continuum soil domain must be
divided into a finite number of discrete and independent slices. Interactions
between soil slices, for example, due to shear at interfaces, are neglected.
The research described herein was initially focused on the development
of characteristics of springs and dashpots on the basis of conventional inde-
pendent soil slices. Thus, a continuum plane-strain finite-element model of a
rigid cylinder surrounded by an infinite soil domain was constructed to pro-
duce reference solutions, especially when considering transient dynamics and
inelastic behavior, for comparison with the one-dimensional Winkler model to
be discussed later. This chapter provides details on the 2-D plane-strain model
and summarizes its performance by comparison with available exact solutions
for purely-elastic soil slices.
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Figure 2.1: Approximation of three dimensional soil domain for laterally
loaded pile model
2.1 2-D rigid disk embedded in infinite soil domain model
The two dimensional plane strain finite element model of the rigid disk
in the soil slice is constructed using 4-node quadrilateral elements with linear
displacement interpolation. Time integration is performed using the Newmark
scheme (constant-average acceleration method). The soil inelasticity is repre-
sented by a Von Mises plasticity model. All the features contained in the model
can be found in standard finite element resources but the implementation of
the Continued Fraction Absorbing Boundary Condition (CFABC) for simula-
tion of wave propagation in an unbounded medium presented by Guddati and
Lim (2004) will be given next in this chapter.
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2.1.1 Formulation of Continued Fraction Absorbing Boundary Con-
ditions
The CFABCs are constructed in the same manner as standard finite
elements but, for the purpose of stress-wave absorption, imaginary lengths
are introduced in the directions in which the soil domain extends to infinity.
As a result, the stress in an absorbing element can be calculated by scaling
the element size consistently with the imaginary stretching. Since the stress
and strain components are coupled through the conventional rigidity matrix
as shown in Equation 2.1, the stretching in one direction will also affect the
behavior in the other direction. In the formulation of CFABCs, the constitu-
tive relation for the plane-strain conditions will be rewritten in the equivalent
form given by Equation 2.2 in order to disengage the behavior in one direction
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where r and s are the local coordinates for CFABC elements as shown in
Figure 2.2; x and y are the global coordinate system of the model; Ni is the
linear shape function for node i; ui and vi are the displacement along x and y
axis;
Next Equation 2.3 can be rewritten as
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A 2-D finite element model is constructed to simulate the vibration of a
rigid circular disk in the full-space soil domain. By setting the disk motion to
be in the direction of the y-axis, the symmetry can be exploited and half of the
domain can be truncated as shown in Figure 2.3 (a). Now, the infinite physical
domain can be represented by CFABC elements, denoted by squares with a
28
letter inside. The CFABCs are placed around the standard finite element mesh
except on the symmetry surface. The letters N, E, and S denote the location
to the North, East, and South of the standard FE domain, respectively. The
orientation of the local coordinate system is specific for each element. In the
case of an edge absorber, the r-axis points to infinity while both the r-axis
and the s-axis must do so in the case of a corner absorber, as shown in Figure
2.3 (b). To simplify the calculation, the absorbers are of equal x and y sizes,
h× h.
Figure 2.3: (a) A finite element model of the rigid vibrating disk; (b) The ori-
entations of local coordinates systems in CFABCs for three different locations
29























The determinants of the three Jacobian matrices are all equal to h2/4. Next,























































































D11 D12 D13 D14
D21 D22 D23 D24
D31 D32 D33 D34
D41 D42 D43 D44

 (2.16)
and, therefore, D can be expressed as the summation of three matrices as
follows:






D11 0 D13 0
0 0 0 0
D31 0 D33 0






0 0 0 0
0 D22 0 D24
0 0 0 0






0 D12 0 D14
D21 0 D23 0
0 D32 0 D34
D41 0 D43 0

 (2.20)
Since the edge absorbers represent the unbounded domain in just the
positive r direction while the corner absorbers need both r and s directions to
simulate infinity, the imaginary stretching will be applied differently. Then,
the derivations of the components for the equation of motion will be described
separately for edge and corner absorbers.
2.1.1.1 Edge Absorber
The stretching will be performed in the r-direction as shown in Figure
2.4. The stretching factor, λrj and λ
s









h = λrjh (2.21)












n Number of absorbing layers
cP Pressure-wave velocity
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Figure 2.4: (a) Quadrilateral 4-node element before stretching; (b) Quadrilat-
eral 4-node with imaginary stretching in one direction








































Finally, the stress components that will not be affected by stretch in any
direction, σrs and σsr, can be calculated by the following expression:
σrs = σsr = Drsε (2.27)























































NTN drds (iω)Û (2.29)
Taking the inverse Fourier transform of the above equation, the expression in












At time tn+1, the equation of motion can be established as follows;
(C1 +C2)U̇n+1 +KUn+1 +R
∫ tn+1
0
Udτ = 0 (2.31)
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Integrating by the Newmark constant acceleration scheme, one finds the fol-
















Substituting the expression of U̇n+1, Un+1, and Wn+1 into Equation 2.31, the






) = 0 (2.35)












while the corresponding right-hand side is
(C1 +C2)U̇n −KUn −R(Wn + Un∆t) (2.37)
Ideally, infinite discretization is required in the CFABC layers. Since
this is not feasible, the wave reflection coefficient will be nonzero. However,
reflections can be eliminated using midpoint integration, proposed by Guddati
(2006), in evaluating the integrals in Equations 2.28 and 2.30. For the edge
absorber, this reduced integration is exclusively performed along the r direc-
tion. Two Gauss points are employed for integration with respect to s. Figure
2.5 illustrates the integration rules for the edge absorber.
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Figure 2.5: Midpoint integration rule applied in the r direction for edge ab-
sorbers
2.1.1.2 Corner Absorber
Corner absorbers will be stretched in both the r and the s directions,
as shown in Figure 2.6, leading to a different derivation from edge absorbers.




























Figure 2.6: (a) Quadrilateral 4-node element before stretching; (b) Quadrilat-
eral 4-node with imaginary stretching in two directions



















Finally, the stress components, not affected by any stretch, can be written as
σrs = σsr = Drsε (2.42)
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Applying the inverse Fourier transform action, Equation 2.44 can be rewritten












and, the equation of motion at time tn+1 for corner absorbers becomes:
(K1 +K2)Un+1 = 0
(K1 +K2)(Un + ∆U) = 0
Thus, the matrix for corner-absorber elements is:
K1 +K2 (2.46)
and the right-hand side:
−(K1 +K2)Un (2.47)
For corner absorber, the physical domain is truncated in both r and
s directions. As a result, one integration point is used at the center of the
element, as shown in Figure 2.7.
37
Figure 2.7: Midpoint integration rule applied in the r and s direction for corner
absorbers
2.1.2 The Validation of CFABCs Implementation by Semi-infinite
Soil Model under Gaussian Explosion
Next, the performance of the CFABCs will be examined by the half-
space plane-strain model under Gaussian explosion in space and time exhibited
in Figure 2.8. Figures 2.9 to 2.17 illustrate the stress wave propagating through
the standard finite element domain and perfectly absorbed by CFABCs. No
reflection can be deciphered. Additionally, the nodal displacements at the cen-
ter of the explosion and on the absorbing boundary at the upper left corner are
monitored. After the passage of the stress wave, the nodes are asymptotically
displaced back to zero as shown in Figures 2.18 (a) and (b). This is a test of
the CFABC formulation ad implementation. Results for this test have been




Figure 2.8: (a) The semi-infinite plane-strain soil domain under Gaussian ex-
plosion: (b) The plane-strain finite element model surrounded by CFABCs for
the representation of unbounded domain under Gaussian explosion
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Figure 2.9: σy distribution at 0.0020 second
Figure 2.10: σy distribution at 0.0025 second
Figure 2.11: σy distribution at 0.0040 second
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Figure 2.12: σy distribution at 0.0060 second
Figure 2.13: σy distribution at 0.0080 second
Figure 2.14: σy distribution at 0.0110 second
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Figure 2.15: σy distribution at 0.0150 second
Figure 2.16: σy distribution at 0.0170 second
Figure 2.17: σy distribution at 0.0200 second
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Figure 2.18: (a) Nodal x-displacement at the center of explosion versus time:
(b) Nodal x-displacement at the upper-left corner of the standard finite ele-
ment domain
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2.1.3 Closed-Form Solution of the Disk Stiffness
The exact solution for the moving disk in unbounded plane-strain do-
main was presented by Baranov (1967) and Novak et al (1978). Due to the
assumed plane-strain conditions, the variations with respect to the z direction
are taken as zero. The disk is assumed to be rigid and massless, and the
motion is exclusively in-plane and harmonic. Then, the governing viscoelastic







































































As the derivatives with respect to z are assumed to be zero, the above governing













































A closed-form relationship between the dynamic disk stiffness and the dimen-























































Plots of Re[ku] and Im[ku] vs. the dimensionless frequency, a0, for different
values of Poisson’s ratio are provided in Figure 2.19.





































Figure 2.19: Real and imaginary parts of the dimensionless stiffness of the
horizontally vibrating disk for Poisson’s ratios = 0.25, 0.4, and 0.5
45
2.1.4 Verification of 2-D Disk Model Stiffness
Next, the disk model in the unbounded soil domain, shown in Figure
2.3 will be examined through a range of the dimensionless frequency. Both the
amplitude of the soil dimensionless resistance, F , and the phase lag between F
and the dimensionless disk displacement, U , will be monitored and compared
with the exact solution.
The plots in Figure 2.20 (a,b), 2.21 (a,b), 2.22 (a,b), and 2.23 (a,b) are
the soil dimensionless resisting forces (thick line) and dimensionless displace-
ment (thin line) plotted vs. time for different dimensionless frequencies, equal
to 0.50 to 1.30. The harmonic motions of the disk is prescribed with amplitude
of 0.5 unit. Figure 2.24 shows the comparison over a range of frequencies, and,
clearly, the force response is in excellent agreement with the exact solution.
Also, the phase difference between the displacement and soil resistance
can be calculated from the expression of harmonic force, F (t), and harmonic
displacement, U(t):
F (t) = F sin(ωt + φ)
φ = ω ·∆t
U(t) = U sin(ωt) (2.54)
The time difference, ∆t, between F and U can be extracted from the finite
element solution as demonstrated in Figure 2.25.








where Su1 and Su2 are the real and imaginary disk stiffnesses. In all cases ana-
lyzed, the difference between the computed and exact values of φ is negligible.
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Figure 2.20: (a) Dimensionless force and dimensionless displacement plot vs.
time for a0 = 0.50: (b) Dimensionless force and dimensionless displacement
plot with vs. for a0 = 0.60 (a0 = ω · r0/cs)
47
(a)















































































































Figure 2.21: (a) Dimensionless force and dimensionless displacement plot vs.
time for a0 = 0.70: (b) Dimensionless force and dimensionless displacement
plot vs. time for a0 = 0.80 (a0 = ω · r0/cs)
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Figure 2.22: (a) Dimensionless force and dimensionless displacement plot vs.
time for a0 = 0.90: (b) Dimensionless force and dimensionless displacement
plot vs. time for a0 = 1.00 (a0 = ω · r0/cs)
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Figure 2.23: (a) Dimensionless force and dimensionless displacement plot vs.
time for a0 = 1.10: (b) Dimensionless force and dimensionless displacement
plot vs. time for a0 = 1.20 (a0 = ω · r0/cs)
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Closed−form solution by Novak (1978)
Plane−strain FE solution
Figure 2.24: Dimensionless force amplitude plotted vs. dimensionless fre-
quency from the exact and finite-element solutions.

























Vibrations of a Rigid Disk in Unbounded Soil:
One-Dimensional Finite-Element Model
Since the Dynamic Winkler Foundation Model has been widely ac-
cepted and implemented in the analysis of laterally loaded piles, the initial
objective of this research was to develop a simple model representing the char-
acteristics of a vibrating disk in an infinite soil slice. The new vibrating-disk
model was to overcome some shortcomings in the existing dynamic spring and
dashpot representation, e.g. the frequency dependence and difficulties in per-
forming inelastic analysis. The new one-dimensional element, computationally
inexpensive, is developed to realistically simulate the behavior of the vibrating
disk under general conditions, including transient dynamic analysis and the
occurrence of inelasticity.
This chapter will first provide the formulation of the one-dimensional
element, followed by performance validation. The comparison between results
from 1-D plane model and the available exact solution as well as the solution
from full 2-D plane model will be made for both purely-elastic and inelastic
soil behavior. Finally, the 1-D model will be combined with pile elements to
examine the efficiency of the independent soil-slice idealization.
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3.1 One-Dimensional Element Formulation
A cylindrical coordinate system is selected for the 1-D element formu-
lation (Figure 3.1). The problem of vibrating disk is symmetric about the
direction of the disk motion in the x-axis, but antisymmetric about the or-
thogonal axis. If the assumption of purely-elastic behavior holds, the soil
displacements can be written as follows:
u(r, θ, t) = U(r, t) · cos(θ) (3.1)
v(r, θ, t) = −V (r, t) · sin(θ) (3.2)
Next, the strain components can be calculated from the displacements in Equa-


























εz = 0 (3.5)
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Figure 3.1: (a) Disk in a cylindrical coordinate system, (b) radial and tangen-




























γθz = 0 (3.7)
γzr = 0 (3.8)
Now, the soil domain is discretized using 4-node linear ring elements
(1D-2DOF) as shown in Figure 3.2. The nodal locations and the directions of
nodal displacements, U1, U2, V1, and V2 are also shown. By performing the
finite-element discretization, the soil displacements U and V can be approxi-
mated using linear shape functions:










where Ui is the radial displacement corresponding to the location of θ = 0
at node i: Vi is the azimuthal displacement corresponding to the location of
θ = π/2 at node i: Ni is the linear shape functions corresponding to the node








(1 + ζ) (3.10)
The nonzero strain components can be expressed in terms of nodal






















































Next, assuming elastic behavior, the constitutive relations for the nonzero










λ + 2G λ 0



















Regarding to the displacement variation in Equations 3.1 and 3.2, the stress
variations with respect to θ are given by
σr(r, θ, t) = σr(r, 0, t) · cos(θ) (3.13)
σθ(r, θ, t) = σθ(r, 0, t) · cos(θ) (3.14)
τrθ(r, θ, t) = −τrθ(r, π/2, t) · sin(θ) (3.15)
Now, the soil reaction, P , on the disk with radius equal to R, can be
calculated from two stresses acting on the disk surface as shown in Figure 3.3.
The contribution of σr and τrθ in the x direction are taken into account by






[σr(R, 0, t) · cos(θ) · cos(θ)]− [τrθ(R, π/2, t) · sin(θ) · (− sin(θ))]
]
dθ
= πR[σr(R, 0, t) + τrθ(R, π/2, t)] (3.16)
As can be seen, the integration with respect to θ leads to the constant factor
π multiplying the sum of radial and shearing stresses at θ = 0 and θ = π/2,
respectively.
3.1.1 Stiffness Matrix
First, consider the virtual work done by the stress in an infinitesimal







Figure 3.3: Positive sense of σr and τrθ used in soil reaction force calculation
In an infinitesimal soil element in cylindrical coordinates, shown in Figure 3.4,
the strain energy can be written as







· (rdθ) · (dr) (3.18)











where ri is the inner radius of the ring and ro is the outer radius:





= δεr(r, 0) · σr(r, 0) · cos2(θ) + δεθ(r, 0) · σθ(r, 0) · cos2(θ)
+δγrθ(r, π/2) · τrθ(r, π/2) · sin2(θ) (3.20)
The integration with respect to θ of the trigonometry functions sin2(θ) and
cos2(θ) can be replaced by the constant factor π and Equation 3.19 will be
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Next, from Equation 3.21, the internal forces, P int, produced by stress in the


























































The integration in Equation 3.24 will be evaluated by numerical integration
using 2 Gauss-Legendre points.
3.1.2 Material Inelasticity
Soil inelasticity will be simulated by a Von Mises plasticity model. The
stress variation in the θ direction is approximated by the elastic displacement
variation. Thus, the integration with respect to θ can be carried out as in
Equation 3.19 (constant factor π). The soil domain will be separated into two
regions on the basis of stress variation with respect to θ, one with cos(θ) and the
other with sin(θ). Considering the waves emanating from the disk, longitudinal
waves propagate in the direction θ = 0 while shear waves propagate in the
orthogonal direction, θ = π/2. The treatment of material nonlinearities will
be handled separately in the two regions, as discussed below.
3.1.2.1 Inelastic Treatment for Longitudinal-Wave Region
Yielding in the region corresponding to θ = 0 affects longitudinal-wave
propagation. Assuming that the elastic variation with θ is maintained, the









The modification of the tangent rigidity matrix, D
∼
, due to inelasticity will














can be derived as an approximate algorithmic tangent rigidity.




















is the increment of stress resulting from the strain increment ∆ε
∼







































































Finally, setting the right-hand sides of Equations 3.31 and 3.32 equal to each





















































with entries given by:
L11 = D
L





21 , L22 = D
L
22 (3.38)
3.1.2.2 Inelastic Treatment for Shear-Wave Region
Yielding in the region corresponding to θ = π/2 is produced exclusively
by τrθ. The S entry in Equation 3.26 is affected by shear yielding and the trial
shear stress intensity is given by:
T trial =
√





























The mass of an infinitesimal soil element (see Figure 3.4) is:
ρ ·∆z (dr · (rdθ)) (3.44)
where ∆z is the thickness of the soil slice. Therefore, the consistent mass


























N1 0 N2 0
0 N1 0 N2
]
(3.46)
Furthermore, r can be written as a function of the local coordinate, ζ:
r(ζ) = ri +
∆z
2
(ζ + 1) (3.47)
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where ∆r is the thickness of the ring (ro − ri).



































3.1.4 Equation of Motion and Time Integration Scheme
Time integration is performed by the Newmark constant-average accel-
eration scheme. The constant acceleration over a time step, a, is taken as the
average of the accelerations at the beginning and end of step n. The displace-
ment increment over the step, ∆U
∼
, will be computed.


































Next, insert the expression for the average acceleration, a, into Equation 3.49












































































Substituting the expression for Ü
∼
(n+1)




, at the end of the step and can be expressed in terms of

























































































































































is the external load vector. To solve the system of nonlinear equations,






















is the initial estimate of the displacement increment, normally
taken as 0
∼


































is the tangent stiffness matrix constructed from the tangent
















3.1.5 Pile-Soil Element Connectivities
The nodal displacements of the pile, uPz , at a particular depth will be
set equal to the displacement of the adjacent soil, uSz and v
S
z , as shown in
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Figure 3.5. The total external force acting on the pile will be denoted by P
and the soil resistance contributed by the longitudinal-wave and shear-wave
regions by Lz and Sz, respectively. These three forces must be in equilibrium:








or, in symmetric matrix form,


0 0 0 1 1
0 0 0 −1 0
0 0 0 0 −1
1 −1 0 0 0























The system of equations for an equilibrium iteration of nonlinear dynamic





















































Figure 3.5: Soil-pile displacements coupling
The constraints of Equation 3.63 can be introduced by augmenting the system
of equations as follows:
LHS uP · (∆U −∆U0)uP + Lz + Sz = RHS∗uP
LHS uS · (∆U −∆U0)uS − Lz = RHS∗uS
LHS vS · (∆U −∆U0)vS − Sz = RHS∗vS
uPz − uSz = 0
uPz − vSz = 0 (3.67)




























The performance of the 1D-2DOF ring element will be examined dif-
ferently for the elastic and inelastic cases. The results from elastic analysis
of a harmonically vibrating disk will be compared with the available exact
solution by Novak et al (1978). Since the exact solution is not available for
transient dynamic analysis or inelasticity, the comparison will be made with
the reference solution from the 2-D plane strain FE model from Chapter 2.
3.2.1 Elastic Harmonically Vibrating Disk
The dimensionless force response from FE model with 1D-2DOF ring
element for particular excitation frequencies will be plotted versus time in
comparison with the theoretical response by Novak et al (1978). Dimensionless
frequencies from 0.1 to 1.3 will be considered. The theoretical dimensionless















where U is the amplitude of excitation: G is the soil shear modulus.
Now, the responses from 1D-2DOF FE analysis and the theoretical
solution, denoted by solid and dashed line respectively, are shown in Figures
3.6 to 3.12. Excellent agreement in terms of both amplitude and phase of the
dimensionless force can be observed.
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Figure 3.10: Dimensionless force versus time: (a) a0 = 0.9 (b) a0 = 1.0.
(a0 = ω · r0/cs)
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(a)



















































































Figure 3.11: Dimensionless force versus time: (a) a0 = 1.1 (b) a0 = 1.2.
(a0 = ω · r0/cs)
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Figure 3.12: Dimensionless force versus time: (a) a0 = 1.3 (b) a0 = 1.4.
(a0 = ω · r0/cs)
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3.2.2 Transient and Inelastic Disk Response
Since the exact solution is available exclusively for elastic soil and har-
monically vibrating disk, the numerical solution from 2-D plane-strain FE
analysis will be employed as a reference solution for cases involving transient
dynamic analysis and inelasticity.
First, the responses from the FE model with the 1D-2DOF ring element,
denoted by solid line, to Ricker wavelet displacement excitation, representing
transient dynamic analysis, compare very well with the reference solution, rep-
resented by dashed line, as shown in Figures 3.13 (a) and (b). The 1-D FE
model has been proved clearly to overcome the frequency dependency, prob-
lematic in the dynamic spring and dashpot model.
Next, the performance of the 1D-2DOF soil model taking into account
soil plasticity will be investigated under two types of displacement excitation,
harmonic and Ricker wavelet. Because of the assumed (elastic) displacement
variation with respect to azimuthal direction, θ, some error is expected in the
computations. However, it will be seen that the error in the dimensionless
force amplitude, is less than 15%, and there is no perceptible error in the
phase. The dimensionless force versus time plots from the 1D-2DOF model
and the 2-D reference model, denoted by solid and dashed lines respectively,
are provided in Figures 3.14 to 3.16. The comparison of inelastic behavior
of the disk under Ricker wavelet excitation from the reference solution and
1D-2DOF solution are shown in Figures 3.17 (a), (b) and 3.18 (a), (b).
77
(a)










































































Figure 3.13: Dimensionless force versus time plots for Ricker wavelets with
dominant dimensionless frequency: (a) a0 = 0.9 (b) a0 = 4.7. (a0 = ω · r0/cs)
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Figure 3.14: Dimensionless force versus time plots for dimensionless frequency
a0 = 0.9 (a0 = ω · r0/cs), with yield stress equal to (a) σyield = 0.125 · G (b)
σyield = 0.175 ·G.
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Figure 3.15: Dimensionless force versus time plots for dimensionless frequency
(a) a0 = 0.9 (b) 1.3 (a0 = ω · r0/cs), with yield stress equal to (a) σyield =
0.225 ·G (b) σyield = 0.125 ·G.
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Figure 3.16: Dimensionless force versus time plots for dimensionless frequency
a0 = 1.3 (a0 = ω · r0/cs), with yield stress equal to (a) σyield = 0.175 · G (b)
σyield = 0.225 ·G.
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Figure 3.17: Dimensionless force versus time plots for Ricker wavelets with
dominant dimensionless frequency a0 = 0.9 (a0 = ω · r0/cs), and yield stress
equal to (a) σyield = 0.175 ·G (b) σyield = 0.225 ·G.
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Figure 3.18: Dimensionless force versus time plots for Ricker wavelets with
dominant dimensionless frequency a0 = 4.7 (a0 = ω · r0/cs) and yield stress
equal to (a) σyield = 0.175 ·G (b) σyield = 0.225 ·G.
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3.3 Beam with 1D-2DOF Ring Element
A finite-element model of a beam with 1D-2DOF soil elements was
constructed for comparison of the computed lateral-pile response with the
available experimental data. Euler beam elements are employed as a repre-
sentation of a pile of which the deflection is linked to the adjacent soil radial
and azimuthal displacement corresponding to θ = 0 and π/2, respectively.
The validations of the program is carried out using the exact solution of the
harmonically excited Euler beam on elastic springs and dashpots foundation
of which the complex stiffness, k = G(Su1 + i ·Su2), is obtained from Novak et








For harmonic excitation, the displacement s(y, t) can be written as
s(y, t) = S(y) · eiωt (3.71)
Next, substitute the expression of s(y, t) into Equation 3.70:
EI · eiωt ∂
4S(y)
∂y4













Now, Equation 3.72 leads to:
∂4S(y)
∂y4







Then, the solution to Equation 3.74 is given by:
S(y) = A sin(βy) + B cos(βy) + C sinh(βy) + D cosh(βy) (3.75)
The coefficients A, B, C, and D are to be determined from the boundary
conditions at the top and the bottom of the pile:
Deflection : A sin(βy) + B cos(βy) + C sinh(βy) + D cosh(βy) (3.76)
Slope : Aβ cos(βy)−Bβ sin(βy) + Cβ cosh(βy) + Dβ sinh(βy) (3.77)
Moment : EI · (−Aβ2 sin(βy)−Bβ2 cos(βy) + Cβ2 sinh(βy) + Dβ2 cosh(βy))
(3.78)
Shear force : EI · (−Aβ3 cos(βy) + Bβ3 sin(βy) + Cβ3 cosh(βy) + Dβ3 sinh(βy))
(3.79)
The first problem analyzed for the purpose of verification is described
as in Figure 3.19. A 7-unit long pile is fully embedded in an isotropic homoge-
neous soil layer. The pile head displacement and rotation are not constrained
while the pile tip is xed against displacement. The pile has one-unit area and
ten-unit second-area-moment-of-inertia. The elastic modulus and density of
the pile are 1 unit and 1 unit, respectively. Young’s modulus of the soil is
400 unit and Poisson’s ratio is 0.25. The soil density is 10 unit. Harmonic
force-excitation is applied at the top of the pile with angular frequency of 4
radian/second (equivalent to dimensionless frequency a0 = 0.5) and amplitude
of 1-unit force excitation.
The result from the FE code and the exact solution are in excellent
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Figure 3.19: A fully embedded pile in a homogeneous soil layer with a pinned-
end at the bottom
agreement, as shown in Figure 3.20. The thick solid line represents the dis-
placement amplitude from the exact solution. Hollow circular and triangular
markers represent the solution from FE model with 1D-2DOF ring element
with 30 layers and 50 layers of the vertical soil domain discretization, respec-
tively.
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1D−2DOF solution (30 Layers)
1D−2DOF solution (50 Layers)
Figure 3.20: The dimensionless displacement amplitude versus dimensionless
distance from the top surface of the fixed bottom pile
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Another validation of the 1D-2DOF element is carried out in the case
of a floating pile (free pile bottom) in a homogeneous soil layer. The pile-
head displacement and rotation are not constrained. The soil elastic modulus,
Poisson’s ratio, and soil density are 2.5, 0.4, and 1.0, respectively while the
radius, area, second area-moment-of-inertia, elastic modulus, and density of
the pile are 0.5, 1.0, 100, 1.0, and 1.0 respectively. The frequency of excitation
is set as 2.0, corresponding to the dimensionless frequency a0 = 1.05, with the
force amplitude at the pile head at 1.0.
Now, the results are validated by comparison with the response from
the exact solution of the pile embedded in the soil independent slices. However,
it should be kept in mind that the actual pile in the 3-D soil domain may
behave differently from the exact solution of a Winkler beam with springs and
dashpots with coefficients determined from soil-slices model. The performance
of the pile model with 1D-2DOF soil element will next be evaluated against
actual field experimental data. A well-documented experimental work on a
laterally loaded pile was conducted and reported by El-Marsafawi et al (1992).
The test set-up is described in Figure 3.22 and the soil shear-wave velocity and
density profiles are given in Figure 3.23.
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Figure 3.21: The dimensionless displacement amplitude versus dimensionless
distance from the top surface of the free-bottom pile.
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Figure 3.22: The experimental set-up in El-Marsafawi et al (1992): (a) eleva-
tion view (b) plan view of cap.
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Figure 3.23: Shear-wave velocity and mass-density profiles of the soil
91
The 7.5 m-long reinforced concrete pile with diameter of 0.32 m was
cast-in-place. The pile cap was built in order to achieve a realistic, practical
resonant frequency. The cap mass and mass moment of inertia about the out-
of-plane principal axis are 860 kg (including the mass of exciter) and 95 kg ·m2
respectively. The force excitation is produced by the centrifugal force of the
unbalanced mass. The excitation intensity, me · e (where me is the eccentric
mass: e is eccentricity), is the unbalanced mass times the eccentricity and the
excitation force is determined by
P (t) = (mee) · ω2 · cos(ωt) (3.80)
The plot in the Figure 3.24 exhibits the dimensionless displacement
amplitude at the top of the pile cap versus the excitation frequency in Hz. The
triangular and circular markers represent the experimental data corresponding
to the excitation intensity, me · e = 96kg ·mm, and the result from 1D-2DOF
ring model respectively. Clearly, the FE model does not predict the correct
amplitude or resonant frequency. Also, note that the results from the test with
the higher excitation intensities (me · e = 171 and 259 kg·mm.) are almost
identical indicating that the system behaves in the elastic range.
3.4 Disk Behavior at Low Frequencies
Referring to Figure 3.24, it can be inferred from the resonant-frequency
overestimation that the actual pile system is less stiff than the FE model of the
pile with 1D-2DOF soil model. The peak of the response curve (the dimen-
sionless amplitude at resonant frequency) from the FE model is lower than the
92

































e Experimental result (El−Marsafawi 1992)
1D−2DOF solution
Figure 3.24: Dimensionless displacement amplitude versus excitation fre-
quency plot from experimental data and 1D-2DOF model
peak from experimental result, caused by underestimation of the soil real stiff-
ness. A sample problem of the mass,spring, and dashpot system representing
the pile, cap, and soil is illustrated in Figure 3.25.
The parallel spring-dashpot system, denoted by (A), is the represen-
tation of a portion of the pile embedded in the soil. The spring (B) is the
portion above the ground surface. The complex stiffness of each spring system
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Figure 3.25: A simple spring and dashpot representation of laterally loaded
pile
is given by
K(A) = KA + CAω · i (3.81)
K(B) = KB (3.82)









KA + KB + CAω · i
(KA + CAω · i) · (KB)
=








First, the real part of Ksystem is considered since the real stiffness affects






Equation 3.84 indicates that the resonant frequency of the system is propor-
tional to the square root of the real part of Ksystem. Next, assuming that KA is
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underestimated, replace KA by the larger number, KA + ∆KA, in the expres-
sion for Re(Ksystem). Then, compare Re(Ksystem(KA)) with Re(K
system(KA +
∆KA)) in the following:
K2A + KA ·KB + C2A
(K2A + ω




2 + (KA + ∆KA) ·KB + C2A
((KA + ∆KA)2 + ω2C2A) ·KB
(3.85)




K2A + KA ·∆KA − ω2C2A
) ?
> 0 (3.86)
Normally, the real part of horizontal disk stiffness, Su1 (represented by
KA in this simple system), is greater than the imaginary part, Su2 (repre-
sented by ωCA), as shown in Figure 2.19, in the low frequency range. Then,
the inequality 3.86 is true for low frequencies, thus leading to the conclusion
that the underestimated real stiffness of the disk results in the overestimated
resonant frequency.
It can be observed from Equation 3.83 that the imaginary stiffness of
the system decreases as KA increases. Thus, the resonant displacement am-
plitude will increase with higher KA. The lack of real stiffness of the soil
slice as the dimensionless frequency approaches zero is responsible for the low
prediction in displacement in the laterally-loaded-pile problem. Indeed, the
excitation frequency in typical applications (e.g. earthquake and machine vi-
bration) ranges from 0 to 20 Hz so that the dimensionless frequency, ωr/cs,
will be so small that the lack of disk stiffness will always be problematic in
laterally-loaded-pile analysis.
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The approximate static stiffness was presented by Novak and Sheta
(1982). The real stiffness of the disk, Su1, for the dimensionless frequency
range below 0.3 can be prescribed to be Su1 corresponding to 0.3 as shown in
Figure 3.26. This solution can be applied exclusively to the case of free-head
pile because the static spring stiffness of soil slice is actually dependent on pile
head fixity and the ratio of pile to soil stiffness. In other words, the deflected
shape of the pile affects pile head stiffness as concluded in Gazetas and Dobry
(1984).
Then, the pile model with 1D-2DOF element was modified by adding




































Figure 3.26: Treatment for the lack of disk stiffness for the dimensionless
frequency below 0.3 proposed by Novak and Sheta
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a constant spring stiffness along the depth of the pile. The spring coefficient
was selected to be 2.8G which is slightly less than the value suggested in Novak
and Sheta (1982). The elastic modulus of the top 50-cm top soil layer is re-
duced to accommodate the weak top soil by the fourth degree polynomial. The
weakness of top soil results in a shift of resonant frequency to the left (lower
resonant frequency). Finally, the excellent matches in both peak displacement
amplitude and resonant frequency were obtained as shown in Figure 3.27. No-
tice that the reduction of top soil stiffness by fourth degree polynomial may
not be consistent with the actual soil profile. Also, during inelasticity, it is far
from clear how the constant spring stiffness can be adjusted appropriately.
Since the independent soil-slice assumption employs plane-strain con-
ditions in the formulation, the out-of-plane shear stress components, τrz, τzr,
τθz, and τzθ, are assumed to be zero. Then, in order to improve disk behavior
at low frequencies, a distributed horizontal spring, Kshear, providing additional
resistance to the soil motion, will be installed uniformly throughout the soil
domain. The governing partial differential equation of the vibrating disk in





















+ Kshear · v (3.87)
If the soil motion is harmonic, the soil displacements u and v are given by:
u(r, θ, t) = U(r, θ) · sin(ωt)
v(r, θ, t) = V (r, θ) · sin(ωt) (3.88)
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⋅ e Experimental data
1D−2DOF solution with added spring stiffness = 2.8 G
s
Figure 3.27: Dimensionless displacement amplitude versus excitation fre-
quency plot from experimental data and 1D-2DOF model with additional
stiffness of 2.8G









































Since it can be observed that Equation 3.89 resembles Equation 2.50,
therefore, the variation of complex disk stiffness without distributed shear
spring with respect to ωeffective/cs will be identical to the variation of complex





Now, consider the complex disk stiffness in the presence of a shear spring over
a range of excitation frequencies. Notice that, for the frequency range from
ωexcitation = 0 to ωexcitation =
√
Kshear/G (cut-off frequency), the corresponding
ωeffective is negative. The real stiffness is decreasing from ωexcitation = 0 and ap-
proaching zero at ωcut-off while the imaginary part is equal to zero throughout
this frequency range.
Next, consider the frequency range above the cut-off frequency. The
variation of complex disk stiffness is identical to the stiffness of the disk with-
out distributed shear spring. The plot of complex disk stiffness versus the
excitation frequency is shown in Figure 3.28 with the shear-wave velocity,
shear-spring stiffness, and radius of the pile equal to 100, 3.0, and 0.16, re-
spectively.
The shear-spring stiffness, Kshear, was given as b
2 · G in Mylonakis
(2001). Assuming that the displacement field of the soil can be written in the
form:
δ(r, θ, z) = ∆(r, θ) · χ(z) (3.91)
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Figure 3.28: Vibrating disk stiffness with the introduction of horizonal shear
spring
where χ(z) is the approximate deflected shape of the pile and neglecting the














Now, the variation with respect to the z direction will be replaced by a coef-
ficient b2 (Mylonakis 2001).
G · U(r, θ) · ∂
2χ(z)
∂z2
≈ G · U(r, θ) · b2
G · V (r, θ) · ∂
2χ(z)
∂z2















χ(z)2dz = b2 (3.94)
Although this modification renders the overall pile behavior more real-
istic, the limitations such as frequency dependence and accuracy of the treat-
ment for soil inelasticity still persist. Moreover, for the pile embedded in
homogeneous soil layer, the available solution employing 3-D elasticity with
the assumption that the soil movement in the vertical direction is negligible
works even more accurately for the case of slender pile since the calculation of
the factor, b2, involves the assumed pile deflected shape. A more sophisticated




Ring Element for Shear Interactions between
Soil-Slice
Because of the lack of (static) stiffness in the soil slice model under
plane-strain conditions at low frequencies discussed in Chapter 3, improve-
ments of the computed behavior of the soil slice model will be made herein by
introduction of shear interactions between soil slices. The technique by which
the angular variable, θ, was omitted in Chapter 3 will be employed in order
to maintain computational simplicity. In this improved formulation, all stress
components of 3-D mechanics will be taken into account but, still, approxima-
tion will persist in the strain calculation. The soil vertical displacement will
be taken as zero. The formulation of the complete 3-D ring element denoted
by 2D-3DOF is also described herein and the results comparison is included.
Later in this chapter, the limitation of such approximation will be discussed.
In this chapter, the formulation including the shear interactions be-
tween soil slices will be presented first. Next, the closed-form solution of the
vibrating circular pile embedded in a homogeneous soil layer with the assumed
zero soil z-displacement presented by Novak and Nogami (1977) will be ex-
plained briefly. The results will be validated subsequently with closed-form
solution and 3-D FE solution. Finally, the solution from FE model with 2D-
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2DOF ring element will be compared with the available experimental results.
4.1 Ring Finite Element with Shear Interaction
4.1.1 Stiffness Matrix
The behavior of the 1-D ring element (1D-2DOF) will be improved by
introduction of previously omitted shear strain components, γrz and γθz. The
strain calculations employ the soil displacements at the top and the bottom
of the element rather than using just displacements at the middle of the slice.
This introduction of the shear strains between soil slices will not change the
soil discretization. However, the bandwidth of the resulting system of equa-
tions will be increased causing a slight increase of computational cost from
1D-2DOF element. Figures 4.1 (a) and (b) illustrate the differences in the
nodal locations and nodal displacements of the plane 1D-2DOF model and
the model with shear interactions that will be referred to as the 2D-2DOF FE
model.
The variation of soil displacements with respect to the circular cylin-
drical coordinates r, θ, z, and time t, assuming purely-elastic behavior, can be
written as:
u(r, θ, z, t) = U(r, z, t) · cos(θ) (4.1)




Figure 4.1: (a) Plane-strain 1D-2DOF element: (b) 2D-2DOF ring element
with variation in the z-direction.
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Next, the strain components can be calculated from the displacements in Equa-












































































Now, the displacements can be approximated in terms of nodal values
and interpolation functions. As can be seen from Equation 4.6, 4.7, and 4.8,
the influence of the z-displacement on the strain components is neglected.
With ζ and η as the local coordinates in radial and vertical directions, as
105
shown in Figure 4.2, the displacement approximations can be written as:





Umn (t) ·Ψm(ζ) · Φn(η) (4.9)





V mn (t) ·Ψm(ζ) · Φn(η) (4.10)
where Ψm is the interpolation function with respect to the radial direction
Figure 4.2: Orientation of local coordinates.
at location m (m =1,2): Φn is the interpolation function with respect to the
vertical direction at location n (n = 1,2). Considering the orientations of local




















r = rinner +
∆r
2
· (ζ + 1) (4.15)
z = ztop +
∆z
2
· (1− η) (4.16)
where ∆r is the difference between the inner and outer radii of the element
while ∆z is the thickness of the element shown in Figure 4.2. Then, the










































































· (− sin(θ)) (4.22)
The functions of θ will be omitted next since they can be replaced by
the constant, π, when the integrals are carried out with respect to θ. Now,
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χ11 0 χ12 0 χ21 0 χ22 0
β11 −β11 β12 −β12 β21 −β21 β22 −β22
β11 α11 β12 α12 β21 α21 β22 α22
ψ11 0 ψ12 0 ψ21 0 ψ22 0





χpq = Φq(η) · dΨp(ζ)
dr






















































The procedure for inelastic analysis will be the same as the one pre-
sented in Chapter 3. Two different treatments, involving different stress com-
ponents, will be applied in two separate regions: the longitudinal-wave region
and the shear-wave region. The purely-elastic distribution of stress compo-
nents with respect to the angular coordinate θ will be assumed to hold ap-
proximately even for inelastic analysis.
4.1.2.1 Inelastic Treatment for Longitudinal-Wave Region
Since the stress components, σr, σθ, σz, and τrz correspond to the
location θ = 0, the trial shear stress intensity for the longitudinal-wave region


















z + 2 · τ 2rz (4.30)







L11 L12 0 0 0
L21 L22 0 0 0
0 0 S33 0 0
0 0 0 L44 0






















Then, by Equation 3.27, the tangent rigidity matrix of the longitudinal-wave

































Finally, the individual L entries are given by:
L11 = D
L











4.1.2.2 Inelastic Treatment for Shear-Wave Region
The trial shear stress intensity for the shear-wave region involves τrθ,
τθr, τθz, and τzθ:
T trial =
√









2 · τ 2rθ + 2 · τ 2θz (4.35)
In the element tangent rigidity matrix, the entries corresponding to the shear-
wave region, denoted by the S entries in Equation 4.31, will be calculated by
























and the individuals entries in the element tangent rigidity matrix are given by:
S33 = D
S




The radial part of the consistent mass matrix for the 2D-2DOF element
is identical to the mass matrix for the axial (z) part of 1D-2DOF element










































Finally, the complete mass matrix of the 2D-2DOF ring element can be cast
as follows:




2m1 0 m1 0 2m2 0 m2 0
0 2m1 0 m1 0 2m2 0 m2
m1 0 2m1 0 m2 0 2m2 0
0 m1 0 2m1 0 m2 0 2m2
2m2 0 m2 0 2m3 0 m3 0
0 2m2 0 m2 0 2m3 0 m3
m2 0 2m2 0 m3 0 2m3 0





ρ being mass-density and
m1 = 2ri +
∆r
2
m2 = ri +
∆r
2





The pile element based on the Euler beam formulation will be modi-
fied here for conformity with the soil elements (displacement continuity). This
is because the 2D-2DOF and 2D-3DOF model linearly interpolate the dis-
placement in the horizontal and vertical directions while the pile displacement
in the conventional beam element is approximated by Hermite interpolation
functions and the nonconformity of soil and pile displacements occurs at the
interface. In order to resolve the lack of conformity, a modified beam element
with linear interpolation of displacements will be derived as follows:
First, consider the beam element with positive sense of nodal displace-
ments and rotations in Figure 4.3. The pile elastic modulus, shear modulus,
cross-sectional area, area moment of inertia, and length are equal to E, G, A,
I, and L, respectively. Assuming that there is no out-of-plane displacement in
the z-axis, the displacement u and v can be approximated by:
v = φ1(ζ) · v1 + φ2(ζ) · v2 (4.43)
u = φ1 · (−θ1 · y) + φ2 · (−θ2 · y) (4.44)
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Figure 4.3: Positive sense of beam displacements and rotations








(1 + ζ) (4.46)
and the location x can be written in terms of ζ as follows:
x = x1 +
L
2

















































































































































































Evaluate the integrals using midpoint integration to avoid shear locking, the


























































2A 0 A 0
0 2I 0 I
A 0 2A 0




4.1.5 Closed-Form Solution for a Laterally Loaded Pile in a Homo-
geneous Soil Layer and Validation
Validation of the 2D-2DOF soil element will first be carried out by
comparison with the available solution by Novak and Nogami (1977). This
approximate, yet closed-form, solution for a vibrating pile in a homogeneous
soil layer overlying a rigid bedrock is established by assuming that the vertical
soil displacement is negligible. The solution is limited to purely-elastic behav-
ior, harmonic motion, and perfect soil-pile interface “bonding”. For the soil



















































The two stress components contributing to the force acting on the pile
are σr and τrθ. At any location along the pile, the resultant force (per unit




[σr(r0, z)cos(θ)− τrθ(r0, z)sin(θ)]r0dθ (4.60)
Solving the governing differential equation for u and v, as explained in-
detail in Novak and Nogami (1977), the expressions for σr and τrθ are obtained
115
and the soil resistance can be rewritten as a function of the horizontal resistant
factor, αhn, and the pile displacement. Note that the pile displacement at any






where hn = (π/2H)(2n − 1), n = 1, 2, 3, ... H = depth of a layer, and the soil










4K1(qn r0)K1(sn r0) + snr0K1(qn r0)K0(sn r0) + qnr0K0(qn r0)K1(sn r0)






















Next, the governing differential equation for dynamics of an Euler-beam




(u eiωt) + m
∂2
∂t2
(u eiωt) = −p(z)(u eiωt) (4.65)
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The plot in Figure 4.4 exhibits the horizontal complex stiffness at the
pile head versus the dimensionless frequency with the solid line and dashed-
line representing the real and imaginary parts of the dimensionless stiffness
(Khorizontal · R30/EI), respectively. In the case analyzed, the slenderness ratio
of the pile, H/r0, is 50, the soil Poisson’s ratio, the soil-to-pile mass density
ratio, and the ratio of soil shear modulus to pile elastic modulus are taken as
0.25, 0.6, and 0.00054, respectively.
Now, the comparison of results for the problem analyzed for the dimen-



























Figure 4.4: Horizontal dimensionless complex stiffness of the pile-head versus
dimensionless frequency.
sionless stiffness magnitude by the closed-form solution, 2D-2DOF FE result,
and 3-D FE solution (Tassoulas 1981), denoted by thick line, triangular mark-
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ers, and dotted-line, respectively, can be seen in Figure 4.5. The agreement
is excellent over a wide range of dimensionless frequency. The phase of the
dimensionless displacement response from 2D-2DOF FE analysis agrees very
well with that from the closed-form solution by Novak and Nogami (1977) as
shown in pile-head horizontal-dimensionless-displacement-versus-time plots in
Figures 4.6 to 4.11.
Since the soil displacement in the z direction is assumed to be
zero in the 2D-2DOF ring element, the validity of this assumption against the
complete three-dimensional finite-element solution must be examined. The
formulation of the 2D-3DOF ring element and the result comparison of results
will be given next.
4.2 Complete Three-Dimensional Ring Finite Element
4.2.1 Stiffness Matrix
The 2D-3DOF soil model of the laterally-loaded pile includes two com-
ponents, assumed to be negligible in the 2D-2DOF FE model: the soil vertical
displacement and rotational resistance along the pile due to the vertical mo-
tion of the adjacent soil. Inclusion of these components more then doubles the
bandwidth of the resulting system of equations (in comparison with the 2D-
2DOF ring element). This significant increase in computational effort will be
taken into consideration for the selection of the appropriate model for laterally-
loaded pile analysis.
The variation of the displacements of the soil with respect to r, θ, z,
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(a)


























Closed−form solution (Novak 1977)
2D−2DOF solution
3−D solution (Tassoulas 1981)
(b)

























Closed−form solution (Novak 1977)
2D−2DOF solution
3−D solution (Tassoulas 1981)
Figure 4.5: Dimensionless stiffness magnitude versus dimensionless frequency.
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(a)









































Closed−form solution (Novak 1977)
2D−2DOF solution
(b)









































Closed−form solution (Novak 1977)
2D−2DOF solution
Figure 4.6: Dimensionless displacement versus time: (a) a0 = 0.1 (b) a0 = 0.2.
(a0 = ω · r0/cs)
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(a)









































Closed−form solution (Novak 1977)
2D−2DOF solution
(b)









































Closed−form solution (Novak 1977)
2D−2DOF solution
Figure 4.7: Dimensionless displacement versus time: (a) a0 = 0.4 (b) a0 = 0.7.
(a0 = ω · r0/cs)
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(a)









































Closed−form solution (Novak 1977)
2D−2DOF solution
(b)









































Closed−form solution (Novak 1977)
2D−2DOF solution
Figure 4.8: Dimensionless displacement versus time: (a) a0 = 1.0 (b) a0 = 1.5.
(a0 = ω · r0/cs)
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(a)







































Closed−form solution (Novak 1977)
2D−2DOF solution
(b)







































Closed−form solution (Novak 1977)
2D−2DOF solution
Figure 4.9: Dimensionless displacement versus time: (a) a0 = 2.0 (b) a0 = 3.0.
(a0 = ω · r0/cs)
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(a)







































Closed−form solution (Novak 1977)
2D−2DOF solution
(b)







































Closed−form solution (Novak 1977)
2D−2DOF solution
Figure 4.10: Dimensionless displacement versus time: (a) a0 = 4.0 (b) a0 =
5.0. (a0 = ω · r0/cs)
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(a)





































Closed−form solution (Novak 1977)
2D−2DOF solution
(b)





































Closed−form solution (Novak 1977)
2D−2DOF solution
Figure 4.11: Dimensionless displacement versus time: (a) a0 = 6.0 (b) a0 =
7.0. (a0 = ω · r0/cs)
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and t, if the assumption of purely-elastic behavior holds, is given by:
u(r, θ, z, t) = U(r, z, t) · cos(θ) (4.66)
v(r, θ, z, t) = −V (r, z, t) · sin(θ) (4.67)
w(r, θ, z, t) = W (r, z, t) · cos(θ) (4.68)
Next, the strain components can be calculated from the displacements in Equa-




























































































Now, the variations of displacements can be approximated in terms of
Figure 4.12: 1-D element representation of three-dimensional soil.
nodal values and interpolation functions. With ζ and η as the local coordinates
in radial and vertical directions, as shown in Figure 4.12, the displacement
approximations can be written as:





Umn (t) ·Ψm(ζ) · Φn(η) (4.75)





V mn (t) ·Ψm(ζ) · Φn(η) (4.76)





Wmn (t) ·Ψm(ζ) · Φn(η) (4.77)
The interpolation functions and their derivatives resemble those for



















































































· (− sin(θ)) (4.83)
Since the integration of elastic stress variations in angular direction is
carried out and equal to the constant factor, π, the strain column vector can











































χ11 0 0 χ12 0 0 χ21 0 0 χ22 0 0
β11 −β11 0 β12 −β12 0 β21 −β21 0 β22 −β22 0
0 0 ψ11 0 0 ψ12 0 0 ψ21 0 0 ψ22
β11 α11 0 β12 α12 0 β21 α21 0 β22 α22 0
ψ11 0 κ11 ψ12 0 κ12 ψ21 0 κ21 ψ22 0 κ22






χpq = Φq(η) · dΨp(ζ)
dr





















































Since the 2D-2DOF formulation take into account all stress compo-
nents required for complete 2D-3DOF inelastic analysis, identical treatment
of material inelasticity will be applied to the 2D-3DOF ring element.
4.2.3 Mass Matrix
The mass matrix is obtained in the same manner as for the 2D-2DOF
ring element but there are 4 additional rows and columns corresponding to
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2m1 0 0 m1 0 0 2m2 0 0 m2 0 0
0 2m1 0 0 m1 0 0 2m2 0 0 m2 0
0 0 2m1 0 0 m1 0 0 2m2 0 0 m2
m1 0 0 2m1 0 0 m2 0 0 2m2 0 0
0 m1 0 0 2m1 0 0 m2 0 0 2m2 0
0 0 m1 0 0 2m1 0 0 m2 0 0 2m2
2m2 0 0 m2 0 0 2m3 0 0 m3 0 0
0 2m2 0 0 m2 0 0 2m3 0 0 m3 0
0 0 2m2 0 0 m2 0 0 2m3 0 0 m3
m2 0 0 2m2 0 0 m3 0 0 2m3 0 0
0 m2 0 0 2m2 0 0 m3 0 0 2m3 0







































4.2.4 Pile-Soil Element Connectivities
Since the 2D-3DOF element also accounts for the soil vertical displace-
ment, the relationship between the displacement in the z direction and pile
rotation will be included assuming that there is no pile-soil slippage. The
coupling element for pile-soil displacement is identical to those presented in
Chapter 3. A detailed description of pile rotation-soil vertical displacement
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coupling is provided below:
Referring to Figure 4.13, consider, at a particular depth z, the rotation
of the pile, the vertical displacement at the surface of the pile (at θ = 0), the
external moment on the pile, and the vertical force on the pile (at θ = 0),
denoted by θ, w, M , and Z, respectively. The moment equilibrium equation
and rotation-displacement relationship can be expressed as follows:
Figure 4.13: Pile rotation-soil vertical displacement and moment-force rela-
tionship.
θ · r0 = −w (4.93)
M − Z · r0 = 0 (4.94)
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The relationship in Equation 4.94 can be cast in matrix form as:


0 0 −1 0
0 0 0 −1
r 1 0 0



















The constraints (Equation 4.95) can be introduced to the nonlinear dynamic
equations as follows:
LHS θP · (∆U −∆U0)θP −R = RHS∗θP
LHS wS · (∆U −∆U0)wS − Z = RHS∗wS
θ · r0 + w = 0
M − Z · r0 = 0 (4.96)
where the expression for RHS∗ was given in Equation 3.68.
4.2.5 Validation
The results from the laterally-loaded pile analyzed with the 2D-2DOF
ring element and the 2D-3DOF ring element will be validated by comparison
with the 3-dimensional FE solution (Tassoulas 1981) and the Novak approxi-
mate closed-form solution (1977). The pile-soil parameters in the analysis are
given as follows:
νsoil : 0.25 , νpile : 0.25
ρsoil : 0.60 , ρpile : 1.00
Gsoil : 54 , Gpile : 100, 000
Pile radius : 1
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4.2.5.1 Validation Problem 1
The pile is 10.0 unit long (slenderness ratio, l/r0 = 10.0) and clamped
at the tip. Note that the 3-D FE model (Tassoulas 1981) was constructed
exclusively for the problem with underlying rigid bed rock (no displacement
allowed at the bottom). Thus, the pile tip is constrained against displacement
and rotation as shown in Figure 4.14. The dimensionless stiffness magnitude
versus dimensionless frequency plot in Figure 4.15 for the FE solutions based
on the 2D-3DOF ring element are in excellent agreement validating the cor-
rectness of the model, used as reference solutions in the following validation
problems.
Figure 4.14: Pile configuration for Validation Problem 1.
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3−D solution (Tassoulas 1981)
2D−3DOF solution
Figure 4.15: Dimensionless pile-head stiffness magnitude versus dimensionless
frequency.
4.2.5.2 Validation Problem 2
Next, the pinned-tip pile model with l/r0 = 10.0, illustrated in Fig-
ure 4.16, is analyzed by the 2D-2DOF ring model and the 2D-3DOF ring
model. The calculated dimensionless pile-head stiffnesses versus dimensionless
frequency are presented in Figure 4.17 (a). In order to allow more contri-
bution from soil resistance, the boundary condition at pile tip is set as a
pinned-support allowing more resistance contributed by the surrounding soil
since the clamped-tip pile behaves like a cantilever beam and the resistance is
mainly provided by the pile itself.
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Figure 4.16: Pile configuration for Validation Problem 2 and 3
4.2.5.3 Validation Problem 3
The analysis is performed on a short pile or caisson (l/r0 = 4.0) with
the pile-soil configuration described in Figure 4.16 and the results are pre-
sented in Figure 4.17 (b).
Referring to Figure 4.17 (a) and (b), the calculated dimensionless pile-
head stiffness from the 2D-2DOF model and the 2D-3DOF model are almost
identical for the slender pile, l/r0 = 10.0, while a slight difference between
the dimensionless stiffness from two models is visible when the pile is less
slender, corresponding to l/r0 = 4.0. However, the difference in the dimen-
sionless stiffness magnitude is approximately 5 % of the value calculated from
the 2D-3DOF model. Such a small discrepancy appears acceptable in view of
the associated lower computational cost of the 2D-2DOF ring element. The
conclusion can be made that the rotational coupling does not affect the pile
135
(a)


























































Closed−form solution (Novak 1977)
2D−2DOF solution
2D−3DOF solution
2D−2DOF solution (Euler−beam theory)
Figure 4.17: Dimensionless pile-head stiffness magnitude versus dimensionless
frequency: (a) l/r0 = 10.0 (b) l/r0 = 4.0.
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system significantly in any case.
The Novak closed-form solution (1977) is also included in the plot, de-
noted by the solid line, for the justification with the solution based on the
2D-2DOF ring element. It is observed from Figure 4.17 (b) that the dimen-
sionless stiffness calculated from Novak (1977) differs from the finite-element
solution. The investigation was conducted by applying the Euler-beam theory
to the 2D-2DOF ring pile-soil model and the calculated dimensionless stiffness,
represented by the hollow square boxes, agrees with Novak (1977) perfectly.
It is reasonable to conclude that the Novak closed-form solution overestimates
the dimensionless stiffness since Euler-beam theory takes into account only
bending, not shear deformation.
4.2.5.4 Validation Problem 4
Figure 4.18: Caisson configuration for Validation Problem 4 and 5
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Next, the dynamic finite-element analysis of caisson with underlying
soil layer is carried out by linear pile element in Subsection 4.1.4 with 2D-
2DOF and 2D-3DOF soil element. By such model configuration in Figure
4.18, the investigation of the effect of end-bearing rotational stiffness is possi-
ble. The caisson slenderness ratio, l/r0, and the ratio of the thickness of soil
layer under caisson bottom to pile radius, lb/r0, are 4.0 and 1.0, respectively.
Slight modification is made to the pile model used previously by specifying
the soil material properties to beam elements under the bottom of the caisson.
The plot of pile-head dimensionless stiffness versus dimensionless excitation
frequency is given in Figure 4.19.
4.2.5.5 Validation Problem 5
The caisson-soil configuration shown in Figure 4.18 with the thicker
underlying soil layer, lb = 2.0, is analyzed in order to examined the effect due
to varying underlying layer thickness to a caisson (short pile) stiffness. Finite-
element calculations are carried out with the 2D-2DOF ring and 2D-3DOF
ring elements.
According to Figure 4.19, no significant difference can be seen between
the two soil ring elements. The FE solutions based on both ring elements
also agree very well with the 3-D finite-element solution (Tassoulas 1981). It
can be noticed that the solution from the pile model without bottom rota-
tional resistance in Figure 4.17 (b) produced considerably lower dimensionless
stiffness than the solution if Figure 4.19. Thus, it can be concluded that the
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mechanism with a major role in the laterally loaded caisson or short pile is the
rotational-bearing resistance.
























Figure 4.19: Dimensionless pile-head stiffness magnitude versus dimensionless
frequency from the pile model with l/r0 = 4.0 and lb/r0 = 1.0 and 2.0
4.3 Comparison of FE Simulation and Available Exper-
imental Data
This section presents results of finite-element simulation of the field ex-
periment conducted by El-Marsafawi et al. (1992). Referring to the previous
section on the comparison between two soil models, the 2D-2DOF soil element
is selected for the following investigation due to its computational efficiency.
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The analysis is performed on the basis of a model constructed from the
information available in El-Marsafawi et al. (1992) as mentioned in Chapter 3.
The concrete pile model with the 740 kg cap-mass, M , is harmonically excited
by the 120 kg exciter (total pile-cap mass, M , is 860 kg) until steady state
response is achieved. The exciting force amplitude can be determined from
Equation 3.80. The dimensionless displacement amplitude, M · u/mee, ver-
sus excitation frequency is presented in Figure 4.20 where the solid-line with
triangular markers and the dashed-line with hollow circular markers denote
experimental data and finite-element solution, respectively.
The solution from the pile model with the 2D-2DOF ring elements

































e Experimental result (El−Marsafawi 1992)
1D−2DOF solution
2D−2DOF solution
Figure 4.20: Dimensionless displacement amplitude versus excitation fre-
quency.
overestimates the natural frequency and the peak of displacement amplitude
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indicating an overestimated soil real stiffness or underestimated soil imaginary
stiffness. To reduce both peak displacement amplitude and pile-soil charac-
teristic frequency, the actual system must be softer than the documented test
description and more damping is required in the finite-element model to match
the experimental result.
Hence, there are three possible scenaria: material inelasticity, weak soil
at the top surface, and discrepancy in soil modulus measurement, as discussed
below;
4.3.1 Effects from Soil Inelasticity
Soil inelasticity reduces the stiffness and provides material damping to
the pile-soil system. However, at the same time, the surrounding soil will
not be able to transmit as much energy as in the case of purely-elastic soil
behavior. Thus, the total energy dissipation will not increase significantly.
Moreover, it can be observed from the experimental displacement response
that, at the lowest excitation force, there was no sign of inelastic effect.
First, the test was performed at the lowest harmonic force (correspond-
ing to an excitation intensity, me · e, of 96 kg.mm). Then, elevating me · e up
to 171 kg.mm., the pile reproduced the same response as that for me · e equal
to 96 kg.mm in the frequency range lower than the characteristic frequency.
For the higher value of me · e (259 kg.mm.), the response curve shifted to the
left (lower frequency) of two curves, corresponding to lower excitation force
indicating that the pile-soil system became softer due to soil inelasticity. In
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conclusion, there is evidence that the result from the lowest excitation inten-
sity is associated with the elastic system. Therefore, it was selected in the
comparison with the developed finite-element models.
4.3.2 Effects from Weak Near-Surface Soil
Now, the focus will be directed to the weak top soil. Since the soil shear-
wave velocities were measured at discrete locations providing a piecewise linear
shear-wave velocity profile as shown in Figure 3.23, the information over the
top-0.5-meter soil, loose and unconfined, may not be accurately represented by
the uniform shear-wave velocity with the value obtained from the depth of 0.5
meter. Therefore, a series of laterally-loaded pile calculations were conducted
on the basis of pile models with different top-0.5-meter variations of soil shear
moduli. The transition of soil moduli is described by constant, linear, and
parabolic variations corresponding to the transition exponents of 0, 1, and 2,
respectively, as follows:













Referring to Figure 4.22, the displacement responses from the model
corresponding to the transition exponents 0.0, 1.0, and 2.0 are identified by
solid circles, hollow circles, and hollow boxes, respectively. It can be observed
from the plot that as the transition exponent increases (weaker top soil), the
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Transition exponent = 0.0
Transition exponent = 1.0
Transition exponent = 2.0
Figure 4.21: The soil elastic modulus distributions described by transition
exponents equal to 0.0, 1.0, and 2.0
pile-soil system resonant frequency decreases noticeably while no significant
change in the peak dimensionless displacement is observed.
The decrease in the characteristic frequency was caused by the softer
top soil layer due to the introduction of soil modulus transition. However, the
peak amplitude did not increase significantly since the radiation damping also
increased due to the lower top layer’s cut-off frequency.
4.3.3 Effects from Inaccuracy of Soil Stiffness Measurement
Now, the effects from the error in shear-wave velocity measurement are
shown in Figure 4.23. The uncertainty is represented by a factor applied to the
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e Experimental result (El−Marsafawi 1992)
Transition exponent = 0.0
Transition exponent = 1.0
Transition exponent = 2.0
Figure 4.22: Dimensionless displacement amplitude versus excitation fre-
quency from transition exponents equal to 0.0, 1.0, and 2.0.
soil moduli. As the modulus is reduced, decreases in both resonant frequency
and peak dimensionless displacement amplitude can be clearly seen.
The inaccuracy of soil modulus measurement affects the behavior of
laterally-loaded piles in two ways, reduction of the characteristic frequency
and the peak displacement amplitude. As the soil moduli decrease, it can be
expected that the stiffness of the pile-soil system will be reduced resulting in
pile resonance at lower frequency. In the meantime, the displacement ampli-
tude is expected to be larger due to the lower soil resistance.
However, radiation damping also affects lateral pile response. Con-
sidering a homogeneous soil layer, the cut-off frequency can be calculated a
cs/4H, where cs is the layer’s shear wave velocity: H is the thickness of the
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e Experimental result (El−Marsafawi 1992)
Soil modulus factor = 0.5
Soil modulus factor = 1.0
Soil modulus factor = 2.0
Figure 4.23: Dimensionless displacement amplitude versus excitation fre-
quency from moduli factors equal to 0.5, 1.0, and 2.0.
layer. Because cs varies with the square root of the soil modulus, the lower soil
modulus leads to lower shear wave velocity and cut-off frequency. As a result,
the layer starts transmitting the energy at lower frequencies as soil modulus
decreases and, therefore, more radiation damping is expected.
Subsequently, the analysis was performed under a combination of two
possible scenaria. The modulus transition exponent is set to 0.5 and the soil
modulus factor at 0.45 with the result shown in Figure 4.24. The unmatched
portion is found at the high frequency and this can be the result from other
nonlinear phenomena.
145


































Experimental result (El−Marsafawi 1992)
2D−2DOF solution
Figure 4.24: Dimensionless displacement amplitude versus excitation fre-
quency from moduli factor and transition exponent equal to 0.45 and 0.5
respectively
4.3.4 Discussion and Future Development
There are other possibilities that may affect the lateral pile response,
e.g., softening of the soil with increasing strain, soil material damping, gap-
ping, etc. However, it is not possible to simulate these effects due to insuffi-
cient information from the experiment. Better-documented soil information is
required in order to construct the more sophisticated model for greater accu-
racy.
To improve the accuracy of lateral pile response from the reduced-
dimension element, appropriate constitutive models for the soil at hand must
be used in order to properly describe the loss in stiffness. For the case that a
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pile is subjected to large displacements, there would be other nonlinear effects
involved. Gap opening may occur between the soil and the pile near the sur-
face causing reduction of the pile-head stiffness. Also, slippage at the pile-soil
interface, especially for the case of cohesionless soil and steel pile, with a weak
bond at the interface, will reduce the lateral pile stiffness and produce addi-
tional damping. Finally, to extend the capability of the pile model in general
engineering applications, the analysis of pile groups should be considered in




Continuum-based, computationally-efficient finite-element models for
soil representation in laterally-loaded pile-soil were developed by adopting the
elastic-displacement field in the azimuthal direction for both elastic and in-
elastic material behavior. Three elements were constructed based on different
soil-domain idealizations, starting from a formulation in one-dimension with
independent soil slices that was refined into formulations in two dimensions
with increasing detail.
Since the 1D-2DOF, 2D-2DOF, and 2D-3DOF elements represent the
actual continua, the energy from the vibrating disk (for 1D-2DOF) or pile
(for 2D-2DOF and 2D-3DOF), is carried away realistically. These models are
frequency independent and the solutions for transient analysis are more accu-
rate than the solutions by spring and dashpot models. The transient response
comparisons between 1D-2DOF and 2-D plane-strain solutions were exhibited
and the agreement between two solutions can be clearly observed.
For inelastic soil behavior, since the displacement in reduced-dimension
models is assumed to vary elastically, a relatively small discrepancy was ob-
served (slight underestimation of the stiffness). Nevertheless, in the reduced-
dimension models presented in this dissertation, the two mechanisms of en-
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ergy dissipation, material and radiation damping, interact naturally with each
other. This constitutes an improvement over spring-and-dashpot Winkler
models that require adjustment of the amount of system damping and problem-
dependent fine-tuning of the parameters involved.
First, the computationally inexpensive 1D-2DOF model, based on soil-
slice idealization, was explored and it was found that the lack of interaction
between soil-slices leads to unrealistically low lateral pile stiffness at low fre-
quencies. Hence, the shear interactions between soil slices were taken into
account systematically by means of a 2D-2DOF ring element at a higher com-
putational cost than that of the 1D-2DOF soil model. The lateral pile behav-
ior becomes more realistic but, still, the validation of the assumption that the
vertical displacement is negligible in lateral pile analysis is mandatory. As a
result, the 2D-3DOF ring element is constructed for response comparison.
5.1 Soil Displacement and Stress Approximations
In nonlinear analysis, the stress distributions was assumed to be iden-
tical to the one in linear analysis. The same approximation was applied to
displacements. The simplifications permit the development of the reduced-
dimension model presented in this dissertation.
To validate the simplifications, harmonic disk vibrations in a soil slice
were analyzed under plane-strain conditions and compared, assuming elastic
soil behavior, with a closed-form solution (Novak 1978). Excellent agreement
was found over a range of frequencies in both force amplitude response and
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the time lag between force and displacement.
The behavior of the 1D-2DOF model was also examined in the case of
transient analysis. A Ricker wavelet pulse was applied to the 1D-2DOF disk
model and excellent agreement with the results from 2-D plane-strain model
was observed. Evidently, the 1D-2DOF disk model works perfectly for purely-
elastic soil behavior.
Finally, the 1D-2DOF FE was evaluated in the presence of inelasticity
considering both harmonic excitation and a Ricker wavelet pulse. The results
show only a small discrepancy in comparison with the 2-D FE model with the
maximum error observed is less than 15 % of the actual response.
5.2 Laterally-Loaded Pile Model with Soil-Slice Ideal-
ization
The soil domain surrounding a laterally-loaded pile was modeled by a
series of plane-strain soil-slices in the vertical direction. The finite-element
model was validated with the exact solution of a Winkler beam on elastic
spring and dashpot foundation. The foundation complex stiffness was deter-
mined by the closed-form solution of Novak (1978). It should be kept in mind
that the beam on elastic spring and dashpot foundation does not represent the
actual laterally-loaded pile. This solution will be used for validation purposes.
The plane-strain soil domain idealization is not computationally de-
manding, yet, the simplification, zero shear interaction between slices, leads
to lack of lateral pile stiffness at low frequencies. As a consequence, the pile
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real stiffness is underestimated resulting in overestimation of overall system
damping. Thus, the peak displacement amplitude from finite-element simula-
tion using a soil-slice model is smaller than in the actual system. Furthermore,
the resonant frequency of the system will be overestimated.
Treatments of the lack of soil stiffness at low frequencies were explored
but realistic solutions were not identified, especially when considering inelastic
soil behavior.
5.3 2D-2DOF Ring and 2D-3DOF Finite Element
To improve the behavior of the soil-slice model at low frequencies, the
shear stress components between slices are introduced to the soil model. Thus,
the derivative of the displacement along the length of the pile is included in the
computation resulting in the coupled effect over the soil displacement at the
adjacent slices. Consequently, the bandwidth of the matrix system of equa-
tion becomes wider. This will result in a small increase computational effort.
However, the number of degree-of-freedom in the system of equations remains
the same as the pile model with soil-slice idealization.
In the 2D-2DOF model for the laterally-loaded pile, the soil vertical
displacement was neglected, and, therefore, the stiffness of the pile-soil system
was affected by two separate mechanisms. First, the 2D-2DOF ring element
can be stiffer than the 2D-3DOF ring because of the constraint on the vertical
displacement. However, there is no perceptible difference in the stiffness ob-
tained from two models. Even in the high frequency range beyond the cut-off
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frequency for longitudinal-waves which is affected by the vertical-displacement
constraint, the responses from the two model are practically identical.
Next, the effect of pile rotation and soil vertical-displacement coupling
was considered and the 2D-2DOF model and 2D-3DOF models produced iden-
tical results for slender piles. A difference in pile-head stiffness can be observed
in pile analysis with low slenderness ratio indicating the contribution from ro-
tational stiffness. However, from the results in the case of l/r = 4.0 (a short
stubby pile), the 2D-2DOF ring element produced approximately 5% underes-
timation of the pile-head stiffness. From a practical point of view, such small
inaccuracy can be accepted in return for significant decrease in computational
effort.
The pile models with 2D-2DOF and 2D-3DOF ring elements were an-
alyzed in the case of very short pile or caisson with the inclusion of bottom
rotational bearing resistance. The solution comparison leads to the conclusion
that the rotational stiffness affects the system pile-head stiffness significantly.
Another contribution to pile-head stiffness, is due to the rotational resistance
along the pile, leading to a small difference in short pile dimensionless stiffness.
5.4 Simulation of Actual Lateral Pile Vibration
The simulation of an available well-documented experimental result
was performed by 2D-2DOF element. The dimensionless displacement re-
sponse with frequency, simulated from the test description as available, over-
estimated the experimental result in terms of system characteristic frequency
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and peak displacement amplitude. There can be many factors, causing such
discrepancies, as will be discussed in the following.
5.4.1 Effect of Soil Parameter Measurements
Regarding soil investigation, there are two possibilities affecting signif-
icantly the lateral pile response. First, considering the pile deflected shapes
(Figures 3.20 and 3.21), it can be clearly seen that the top portion of the pile
undergoes considerably large displacement compared to the deeper portion
since the soil resisting force is concentrated over the top soil. As far as the
soil confining pressure in the vicinity around the top surface is insignificant,
the soil elastic moduli should be small. Then, the pile-soil system is less stiff
leading to a decrease of the characteristic frequency. However, this weak top
soil layer does not affect significantly to the peak displacement amplitude be-
cause such a layer will start radiating energy at lower frequencies causing more
damping in the pile-soil system.
Error in soil modulus measurement affects significantly the simulated
pile response because the cut-off frequency of a soil layer is determined by soil
stiffness. The underestimated soil stiffness results in reducing the character-




Another source of discrepancy can be the material model in the anal-
ysis since it may not represent actual soil behavior accurately. The bilinear
stress-strain relationship with Von-Mises isotropic hardening is not capable
of accommodating the nonlinear decrease in soil modulus as strain increases.
However, there was not adequate information to construct a more rigorous
material model from the available experimental data.
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